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An earlier optimisation approach proposed by Luo et al. [Luo, J., Lin, J., Dean, T. A., 2006. A Study on the Deter-
mination of Mechanical Properties of a power-law Material by Its Indentation Force-Depth Curve. Philosophical Maga-
zine, 86(19), 2881-2905], which is based on the assumption that the instrumented indentation force-depth response of an
elastic–plastic material is a linear combination of the corresponding elastic and elastic–perfect plastic materials, is extended
in this work to extract mechanical properties of a power-law material from two given experimental indentation P–h curves
for conical indenters of half included angles of 60 and 70.3. It was found that the non-uniqueness problem encountered in
the single P–h curve optimisation approach is eﬀectively removed by the two P–h curves optimisation. The appropriateness
of the use of second half included angle of 60 is discussed. For the ﬁve representative materials Al, Ti, Fe, Ni and steel, it
was found that the maximum relative prediction errors for E, ry and n are 2%, 10.4% and 11.3%, respectively. The pre-
diction accuracy of mechanical properties E, ry and n is generally better than other methods reported in the literature.
 2007 Elsevier Ltd. All rights reserved.
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The design and manufacturing, particularly forming, of miniature/micro- metal products require knowl-
edge of mechanical properties of micro-scale materials, which could be quite diﬀerent from properties corre-
sponding to the materials on a macro-scale. However, it is diﬃcult to determine mechanical properties of
micro-scale materials via compressive tests. Thus, in recent years, attempts have been made to extract mechan-
ical properties, particularly those of power-law materials, through micro- or nano-indentation tests (Dao
et al., 2001; Bucaille et al., 2003; Alkorta et al., 2006; Luo et al., 2006). Recent technological advances have
lead to the general availability of depth-sensing instrumented indentation equipment in the micro- and nano-
scales (Tabor, 1951; Pharr and Cook, 1990; Field and Swain, 1995; Gerberich et al., 1996; Bolshakov et al.,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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5804 J. Luo, J. Lin / International Journal of Solids and Structures 44 (2007) 5803–58171997; Alcala et al., 1998; Gouldstone et al., 2000). Tests using this equipment provide accurate measurements
of the continuous variation of indentation force, P, down to lN, as a function of the indentation depth, h,
down to nm. The task is then to extract material properties from P versus h curves (P–h curves) obtained from
instrumented indentation.
An important ﬁnding for sharp indenter indentation is that P–h responses of the conical, Berkovich and
Vickers indentations are virtually identical if they have a same projected area/depth ratio (Dao et al.,
2001). Since a conical indenter is geometrically simpler, in the indentation simulation community, it is often
chosen for building up simulation models for obtaining mechanical properties. The contact geometry of a con-
ical indenter with a testpiece material is shown in Fig. 1, where h is the half included angle of the conical inden-
ter and ac and hc are the contact radius and depth, respectively. The half included angle of the equivalent
conical indenter, h, for Berkovich and Vickers indenters, is 70.3 (Dao et al., 2001).
A schematic illustration of a typical P–h curve is shown in Fig. 1. During loading, the response generally
follows the relation given by Sneddon (1965) and Dao et al. (2001);Fig. 1
indentP ¼ Ch2 ð1Þwhere C is a constant depending on the geometry of the indenter tip and material properties. The maximum
indentation depth hm occurs at Pm, and the initial unloading slope is deﬁned as S ¼ dPuldh jhm, where Pul is the
unloading force. The residual indentation depth after complete unloading is hr. As discussed by Giannakopo-
ulos and Suresh (Giannakopoulos and Suresh, 1999), C, S and hr/hm are three characteristic parameters that
can be directly obtained from a single P–h curve. Traditionally, these characteristic parameters have been used
to determine elastic–plastic properties of an indented material.
For many pure and alloyed engineering metals, their macro-plastic behaviour can be closely approximated
by a power-law description, as shown schematically in Fig. 2. A simple elastic–plastic, true stress–true strain
behaviour can be expressed as,r ¼ Ren ¼ ry
eny
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Fig. 2. The power-law elasto-plastic stress–strain behavior used in the current study.
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fore, to describe the mechanical properties of a power-law material, three quantities, Young’s modulus, E,
yield stress, ry, and strain hardening exponent, n, are needed. A lot of eﬀort has been made in recent years
to derive approaches to extract these mechanical properties from a single or multi-set of P–h curves, and this
work is brieﬂy reviewed in the following sections.1.1. Determination of Young’s modulus
Traditionally, the Young’s modulus E can be estimated from the unloading curve which is assumed to
be purely elastic. This is based on Sneddon’s work (1965), which relates the slope at the beginning of the
unloading, S, the reduced modulus, E*, and the projected contact area, Am:E ¼ 1
a
ﬃﬃﬃﬃﬃﬃ
Am
p S ð3Þwhere E* is deﬁned by:1
E
¼ 1 m
2
E
þ 1 m
2
i
Ei
ð4ÞEi, mi and E, m being Young’s modulus and Poisson’s ratios of the indenter and the testpiece material, respec-
tively. The constant a in Eq. (3), determined from linear-elastic analysis, is dependent on indenter geometry
and was given by King (1987) as a = 1.128 for a conical indenter with half included angle h = 70.3. Recently,
this value has been determined to be 1.1957 by Dao et al. (2001) following an FE large deformation elasto-
plastic analysis.
There are two main approaches to determine S and Am in Eq. (3). The ﬁrst one is the linear curve ﬁtting
method developed by Doerner and Nix (1986), who, based on the assumption that the contact area remains
unchanged during unloading, proposed that Sneddon’s ﬂat punch solution (Sneddon, 1965) could be used to
describe the unloading curve:P ¼ Sðh hcÞ ð5Þ
where hc is the true contact indentation depth at maximum load. The best-ﬁt results of S and hc depend on the
portion of the unloading curve that is employed in the ﬁtting, and it is suggested by Doerner and Nix (1986)
that the top one-third of the unloading data be used.
It is found that the unloading curves deviate from the straight line assumption of Doerner and Nix’s
method for most materials mainly due to the reduction of contact area during unloading. In order to resolve
this issue, Oliver and Pharr (Oliver and Pharr, 1992; Pharr et al., 1992) introduced another method, taking
into account the large elastic recovery during the unloading process of hard materials. In their scheme, the
power-law relation,
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is adopted to ﬁt the whole unloading curve where B and m are the ﬁtting parameters. After the parameters B
and m are determined, the unloading slope at the maximum load can be evaluated to be,S ¼ mBðhm  hrÞm1 ð7Þ
Another major diﬀerence between Doerner and Nix’s and Oliver and Pharr’s methods is the approaches to
determine the contact area at maximum load. Given the half included angle, h, of the conical indenter, the
contact area, Am, can be geometrically derived as (see the inset in Fig. 1),Am ¼ pa2c ¼ pðhc tan hÞ2 ð8Þ
Note that ac and hc are used here to represent the contact radius and depth at the maximum load (it was also
used to represent the contact radius and depth during unloading in Fig. 1). In Doerner and Nix’s method
(1986), hc is equal to the ﬁtting parameter hc in Eq. (5). In Oliver and Pharr’s method (Oliver and Pharr,
1992; Pharr et al., 1992), hc is taken to be:hc ¼ hm  k PmS ð9Þwhere the geometric constant k is taken to be 0.72 for the conical indenter.
1.2. Determination of yield stress and strain hardening component
Cheng and Cheng (1998a,b) and Tunvisut et al. (2001) have used dimensional analysis to propose a number
of dimensionless universal functions, with the aid of computational data points calculated via the FE method.
A method (Tunvisut et al., 2001) has been developed to evaluate yield strength for a perfectly plastic (n = 0) or
low-hardening thin coating by matching the maximum load measured experimentally with the simulated ones
for a particular ratio of coating and substrate moduli. One of the most complete studies on the determination
of yield stress and straining hardening of materials has been published recently by Dao et al. (2001). A set of
closed-form dimensionless functions was constructed to characterize indentations with a Vickers or a Berko-
vich pyramid or a conical indenter (h = 70.3). The independent dimensionless equations in the work of Dao
et al. (2001) are listed below:C
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¼ P6 ¼ a ð13Þwhere rr is the so-called representative stress which corresponds to a representative plastic strain of er. The
physical meaning of the representative stress is that the corresponding dimensionless function P1 normalized
with respect to rr was found to be independent of the strain hardening exponent, n. For a conical indenter with
half included angle of 70.3, the representative strain, er, is found to be 0.033. Note that Eq. (13) is the same as
Eq. (3). These functions set up the relationships between characteristic parameters, C, S and hr/hm, of a P–h
curve and the mechanical properties of a material, E, rr (which can be used to derive ry if n is known) and n,
and then were used to extract mechanical properties of power-law materials by solving the simultaneous equa-
tions. Their method gives very good results in the determination of Young’s modulus E and the representative
stress corresponding to a value of strain of 0.033, r0.033. On the other hand, their analysis is less precise for
determining the strain hardening coeﬃcient n. For a value of n = 0.08 obtained from a tensile test, this method
gives a mean value of 0.104 with values ranging from 0 to 0.298. Even if the mean value gives a good estimate
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to achieve reasonable results according to Dao et al. (2001).
To increase the estimation accuracy, the work of Dao et al. (2001) was recently extended by Bucaille et al.
(2003) to determine plastic mechanical properties of a material by using at least two P–h curves of the material
obtained from diﬀerent indenter half included angles. For indentation by an indenter with half included angle,
h, Eq. (10) becomes:Ch
rrh
¼ P1 E

rrh
 
ð14Þwhere rrh is the representative stress corresponding to the representative strain erh for half included angle of h.
A relationship between h and erh was found:erh ¼ 0:105 cot h ð15Þ
Eqs. (12)–(15) can be used to work out a set of (erh, rrh) for diﬀerent half included angles by their correspond-
ing P–h curves. This set of (erh, rrh) can then be used to obtain the stress-strain curve and thus determine
mechanical properties of the material with much improved accuracy. If only two sets of (er, rr) are available,
Eq. (2) can be used to determine mechanical properties of the material with accuracy higher than that deter-
mined by a single P–h curve but lower than that determined by multiple (more than 2) P–h curves. One prob-
lem for Bucaille’s (2003) multi-set P–h curves approach is that when the half included angle is low (50 or less),
it was found that the friction between indenter and testpiece material can have signiﬁcant eﬀect on the P–h
curve, thus in practice use of half included angles lower than 50 is not recommended.
Overall, the approaches to extract E, ry and n, reviewed above, are mostly based on the characteristic
parameters of a P–h curve, namely C, S and hr/hm. It may be imagined that if all the data of the entire loading
and unloading indentation P–h curves are used to extract the macro-mechanical properties of a material, E, ry
and n, the estimation accuracy might be improved. Based on this concept, Luo et al. (2006) recently proposed
equations and an optimisation procedure to extract E, ry and n of a power-law material using an entire load-
ing and unloading indentation P–h curve. This research showed that mechanical properties of a power-law
material cannot be uniquely determined. Recent research results from Alkorta et al. (2005) also conﬁrmed that
it is not possible to calculate uniquely the mechanical properties from the loading/unloading curves, although
they used diﬀerent methods. Bucaille and Felder (2002) introduced a method to identify the viscoplastic behav-
iour of a polymer, modelled with G’sell-Jonas law, by using two indenter shapes. Further research has been
carried out using multi-sets of P–h curves by Bucaille et al. (2003), particularly, the eﬀects of half included
angle and friction coeﬃcient on P–h curves were studied.
Recent research results (e.g. Alkorta et al., 2005; Luo et al., 2006) have conﬁrmed that the mechanical prop-
erties of a power-law material can not be uniquely determined from the results of a single indenter. Methods
have been proposed to solve the non-uniqueness problem using multiple indenters, such as the work by Buca-
ille and Felder (2002), Bucaille et al. (2003), Farrissey and McHugh (2005). Although they concentrated on
diﬀerent problems and used diﬀerent methods, the research results from the work indicated that the informa-
tion, such as the characteristic parameters C, S and hr/hm, obtained from multiple indenters with diﬀerent
shapes can be used for the determination of mechanical properties of materials. The aim of this paper is to
extend the method proposed by Luo et al. (2006) and combined with the method of Bucaille et al. (2003)
to determine E, ry and n of a material by the use of two P–h curves from two diﬀerent half included angles.
The reliability of the method is assessed for ﬁve known materials.
2. Approach for two P–h curves optimisation
2.1. Numerical model
Axisymmetric FE models were constructed to simulate the indentation response of elastic–plastic solids
using the commercial FE code ABAQUS. The conical indenters of half included angles 60 and 70.3 were
modelled as rigid surfaces. The 70.3 angle corresponds to the commonly used Berkovich and Vickers ind-
enters. The other angle of 60 was chosen, because it would not produce signiﬁcant friction eﬀect to the
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modelled using 9600 four-noded, bilinear axisymmetric quadrilateral elements, where a ﬁne mesh near the
contact region and a gradually coarser mesh further from the contact region were designed to ensure
numerical accuracy. To reduce the eﬀect of mesh distortion, the self-adaptive mesh control of ABA-
QUS/explicit was used. Since ABAQUS/explicit is a dynamic solver, to speed up the calculation, a mass
scaling factor of an order of 10 is used. It is well evaluated by calculating the kinetic energy that this mass
scaling factor does not introduce signiﬁcant dynamic eﬀect on the computational results. At maximum
load, the minimum number of contact elements in the contact zone was not less than 30 in each FEM
computation. The mesh was well-tested for convergence and was determined to be insensitive to far-ﬁeld
boundary conditions. More details about the numeric FE model have been reported by Luo et al. (2006).
A parametric study of 45 cases was conducted for each half included angle. Table 1 gives a complete list of
parameters for elastic–plastic and elastic–perfect plastic materials. Seven cases of purely elastic materials of
Young’s modulus of 10, 30, 50, 70, 90, 130, and 210 GPa, are also included. These cases represent the range
of parameters of mechanical behaviour found in common engineering metals: that is, Young’s modulus E ran-
ged from 30 to 210 GPa, yield strength ry from 30 to 2000 MPa, strain hardening exponent n from 0 to 0.5,
and Poisson’s ratio m was ﬁxed at 0.3.
2.2. Formulation of the instrumented indentation response
In an earlier publication by Luo et al. (2006), a set of equations has been established to relate the P–h curve
to mechanical properties, E, ry and n, of a material. As shown in Fig. 3(a), for the loading part of the P–h
curve of an elastic–plastic material, this approach is based on the assumption that the indentation response
of an elastic–plastic material is a linear combination of the corresponding elastic and elastic–perfect plastic
materials. The basic equations, which are used in this research, are brieﬂy reviewed here.Table
Elastic
E (GP
30
50
90
130
210
210
210
210P ep L ¼ ð1 W LÞP e þ W LP epp L ð16Þ
Where Pe, Pep_L and Pepp_L are the loads during loading phase for purely elastic, elastic–plastic and elastic-
perfect plastic materials, respectively. The terms, (1WL) and WL, are the weights of the elastic and the elas-
tic–perfect plastic responses in the loading curve of the elastic–plastic material.WL is a function of mechanical
properties of the elastic–plastic material. Pe is related to the mechanical properties of a material and deﬁned
by:P eðE; hÞ ¼ CeðEÞh2 ¼ C0Eh2 ð17Þ
It was found that Pepp_L can be expressed as:P epp LðE; ry ; hÞ ¼ Cepp LðE; ryÞh2 ð18Þ
The weighting scheme of the unloading part of the P–h curve is shown in Fig. 3(b). It is based on the assump-
tion that the unloading response of the elastic–plastic material is a linear combination of the full contact
straight line, Pfc, and the modiﬁed purely elastic curve, Pem:1
–plastic parameters used in the present study
a) ry (MPa) n
30 0, 0.1, 0.3, 0.5
200 0, 0.1, 0.3, 0.5
500 0, 0.1, 0.2, 0.3, 0.4, 0.5
2000 0, 0.1, 0.2, 0.3, 0.4, 0.5
300 0, 0.1, 0.3, 0.5
500 0, 0.1, 0.3, 0.5
900 0, 0.1, 0.2, 0.3, 0.4, 0.5
1800 0, 0.1, 0.3, 0.5
hm 
Pe
Pepp_L 
Pep_L
h
P
a
b
 Loading
Pfc=S(h-hm)+Pm
hm 
Pm 
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Pem=Pe- P Pep_ul
P
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P
hr 
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Δ
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Fig. 3. The weighting scheme for loading (a) and unloading (b) parts of an indentation P–h curve.
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whereWul is a weighting factor. Deﬁnitions of other terms in Eq. (19) are detailed in Fig. 3(b). Pem is the mod-
iﬁed unloading force of an elastic material obtained by translating the unloading curve of the elastic material
(same as loading curve, Eq. (17), for elastic material) downward to meet the maximum load point for the elas-
tic–plastic material:P em ¼ P e  DP ¼ C0Eh2  ðC0Eh2m  PmÞ ð20Þ
where DP is the diﬀerence between the maximum load of the purely elastic and elastic–plastic materials. Pfc is
the unloading force for the full contact straight line:P fc ¼ Sðh hmÞ þ Pm ð21Þ
where S is the slope of the unloading curve at the maximum load and is determined by Oliver and Pharr’s
methods (Oliver and Pharr, 1992), Eq. (7).
An important characteristic parameter of the P–h curve is the residual depth, hr, after complete unloading.
The residual depth is related to mechanical properties of the material by:hr
hm
¼ u n;E

ry
 
ð22ÞThe equations to relate E, ry and n to Pe, Pepp_L,WL,Wul, hr/hm are given in Appendix A using a least square
ﬁtting method. The detail of the derivation of these equations and the accuracy of these equations in describ-
ing the indentation behaviour of a power-law material are reported elsewhere by Luo et al. (2006). In general it
was found that Eq. (16) well describes the loading part of the P–h curve of an elastic–plastic material, Eq. (19)
well describes the upper 50% of the unloading curve of an elastic–plastic material, and Eq. (22) well describes
the residual depth/maximum depth ratio.
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The loading and unloading parts of a P–h curve are related to the mechanical properties of a material by
Eqs. (16) and (19), respectively. The mechanical properties of a material are determined by minimising the
errors between the FE (experimental) and predicted (using Eqs. (16) and (19)) P–h curves. An objective func-
tion for the optimisation is formulated as:Table
Optim
steel
Mater
Al
Ti
Fe
Ni
Steelmin
X
h
Xmh
i¼1
PFE;hep L;i  PPredicted;hep L;i ðE; ry ; nÞ
h i2
þ
Xnh
j¼1
PFE;hep uL;j  PPredicted;hep uL;j ðE; ry ; nÞ
h i2(
þ Sh hFE;hr  hPredicted;hr ðE; ry ; nÞ
  	2) ð23Þwhere PPredicted;hep L;i and P
Predicted;h
ep uL;j are the predicted loading and unloading forces for half included angle of h
(h = 60 and 70.3), calculated by Eqs. (16) and (19), respectively. hFE;hr is the residual depth obtained by
FE simulations or experiments for half included angle of h. hPredicted;hr is the residual depth predicted by Eq.
(22) for half included angle of h. mh and nh represents the data points in the loading phase and the upper
50% of unloading phase for half included angle of h, respectively. The last term in Eq. (23) is introduced
to enhance the convergence at the last stage of the unloading phase to overcome, at least partially, the problem
that the lower 50% of the unloading phase cannot be described by Eq. (19). Sh is a weighting factor to deal
with scaling problem and is taken as the slope of the unloading curve at the maximum load point for half in-
cluded angle of h.
Parameter normalisation provided by Bates and Watts’ optimisation method (Bates and Watts, 1988) is
used to determine the mechanical properties of the material by minimising the residual deﬁned in Eq. (23).
For parameter, ci, which represents E*, ry and n, respectively, to be optimised with upper and lower bound-
aries of ﬁxed values, Li and Ui, it is converted to a normalised parameter /i by:ci ¼ Li þ Ui  Li
1þ e/i ð24Þwhere /i is a new parameter corresponding to ci, and now can take any value between 1 and +1. For
objective function, Eq. (23), ci and the corresponding /i now have identical range of values (i.e. 1 and
+1). This is more convenient to deal with the problem of diﬀerent units of the parameters in optimisation
and the detailed description for Eq. (24) is given by Bates et al. (1998).
3. Results for representative metals
The optimisation scheme has been applied to ﬁve chosen typical metals representing Al, Ti, Fe, Ni, and
steel, see Table 2. The indentation P–h curves for half included angles of 60 and 70.3 for each material were
obtained by FE simulation using the known material properties. These numerically generated indentation
loading and unloading curves are used as input to the optimisation process to investigate the reliability of
the proposed method in the determination of mechanical properties of power-law materials. To use Bates2
isation results using two P–h curves for half included angles of 60 and 70.3 for ﬁve typical metals representing Al, Ti, Fe, Ni, and
ials True properties Optimised values Residual
E (GPa) rY (MPa) n E (GPa) E (%) rY (MPa) rY (%) n n %
70 500 0.15 71 1.2 493 1.5 0.16 5.4 0.5232
110 600 0.10 111 1.1 592 1.3 0.11 10.0 1.6067
180 400 0.25 181 0.7 442 10.4 0.22 11.3 1.5555
207 800 0.40 210 1.5 861 7.7 0.38 5.4 1.2583
210 900 0.30 214 2.0 902 0.2 0.30 0.8 2.3351
J. Luo, J. Lin / International Journal of Solids and Structures 44 (2007) 5803–5817 5811and Watts’ optimisation method, the lower and upper boundaries of the parameters to be optimised have to be
deﬁned. Wide ranges of E, ry and n are taken to be 10–250 GPa, 10–1000 MPa and 0–0.5, respectively, since
most metals should have their mechanical properties in these ranges. A comprehensive search of all the min-
imum vortexes of the objective function is ensured by letting each /i (here i stands for E, ry and n) in Eq. (24)
change from 9 to 9 with a step length of 3. The optimisation results using two P–h curves for half included
angles of 60 and 70.3 are shown in Table 2, which gives the true material properties, optimised mechanical
properties, percentage errors of the prediction and the residuals of the objective function. Although
7 · 7 · 7 = 343 sets of initial values are used, for each material, the optimisation converges to a unique solu-
tion which is shown in Table 2, meaning the material of concern is determined uniquely. As examples, the opti-
misation results and the FE calculated results of the loading and upper 50% unloading curves of aluminium
and nickel given in Table 2, using the two P–h curves optimisation for half included angles of 60 and 70.3,
are shown in Fig. 4. For the ﬁve chosen representative materials, the maximum relative errors of prediction for
E, ry and n are 2%, 10.4%, and 11.3%, respectively.0.0
5.0
10.0
0 5 10 15
h  (μm)
 P
)
N(
0.0
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30.0
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P
)
N( 
=70.3˚
=60˚ 
Al 
 =70.3˚ 
=60˚ 
Ni 
θ
θ
θ
θ
a
b
Fig. 4. The optimisation results (lines) and the FE calculated results (symbols) of the loading and upper 50% unloading curves of
aluminium and nickel given in Table 2, using the two P–h curves optimisation for half included angles of 60 and 70.3.
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If only one single P–h curve (e.g., for half included angle of 70.3) is available, Eq. (23) can still be used to
extract mechanical properties of the material of concern. Detailed analysis of the optimisation using a single
P–h curve for half included angle of 70.3 was reported by Luo et al. (2006). A typical optimisation result is
reported in Table 3 for the single P–h curve optimisation of steel in Table 2. The minimum (the global min-
imum) of the vortex residuals is 1.1340 (bordered in Table 3). The matched sets of material properties whose
residuals are not more than 10% of the global minimum is also given in Table 3, together with the optimisation
results using two P–h curves for half included angles of 60 and 70.3. In general, for a given single P–h curve,
more than one minimum vortex is found. The best matched material is identiﬁed from the optimisation results
(also bordered in Table 3). Ideally the best matched set of mechanical properties should correspond to the
global minimum. Unfortunately this is sometimes not the case. Since all the vortexes listed in Table 3 have
residual values of the objective function very close to the global minimum (not more than 10%), in practice
they can be thought of as being virtually equal, in consideration of the approximation of optimisation algo-
rithm. It has been found in an earlier publication (Luo et al., 2006) that each set of optimised mechanical prop-
erties with close residuals to the global minimum gives similar P–h curves to those of the original materials by
re-doing FE-simulation of the matched materials (the diﬀerence should be within experimental error in real
measurements). This means that the mechanical properties of the material cannot be uniquely decided by a
single indentation P–h curve. In the work reported by Luo et al. (2006), it was suggested that the background
information of the material of concern needs to be used to determine the best matched optimised material
parameters. The non-uniqueness problem have also been studied by other researchers, such as Alkorta
et al. (2005), Farrissey and McHugh (2005), although they used diﬀerent methods for determining material
properties of materials. It is shown by the current work that if two P–h curves for half included angles of
60 and 70.3 are used, a unique set of material properties can be found without any background information
of the material of concern.
To investigate the multiplicity problem of the single P–h curve optimisation, the objective function of steel
in Tables 2 and 3 is graphed in Fig. 5. Since a 3D graph can display only two independent variables, in Fig. 5,
E is ﬁxed at 210 GPa. As can be seen from Fig. 5(a), the objective function is valley-shaped. The multiple vor-
texes are at the bottom of the valley. This is more clearly shown in the contour graph, Fig. 5(b), where several
dark spots at the valley bottom corresponding to the vortexes are seen. The relationship between ry and n for
the matched mechanical properties shown in Table 3 for half included angle of 70.3 is shown in Fig. 6. Note
that the ry and n in Table 3 is related to diﬀerent optimised E values, thus the data points in Fig. 6 cannot be
exactly matched to the vortexes shown in Fig. 5 where E is ﬁxed. However, Fig. 6 shows that for the matched
materials, the relationship between ry and n can be approximated by a straight line. This straight line corre-
sponds to the bottom line of the ‘‘valley’’ in the 4-dimensional space of objective residual, E, ry, and n. It canTable 3
Optimisation results using one single P–h curve for half included angle of 70.3 and using two P–h curves for half included angles of 60
and 70.3 for steel (E = 210 GPa, ry = 900 MPa, n = 0.3)
h Optimised values Residual
E (GPa) E (%) rY (MPa) rY (%) n n (%)
70.3 188 10 1724 92 0.00 100 1.2455
197 6 1352 50 0.14 53 1.1340
210 0 1012 12 0.26 13 1.1660
229 9 640 29 0.39 30 1.1660
233 11 566 37 0.42 39 1.1666
234 11 545 39 0.43 42 1.1662
235 12 527 41 0.43 44 1.1656
242 15 393 56 0.49 63 1.1490
242 15 385 57 0.49 65 1.1470
243 16 372 59 0.50 67 1.1440
60 + 70.3 214 2 902 0 0.30 1 2.3351
Fig. 5. Graphic description of values of objective function, Eq. (23), for steel (E = 210 GPa, ry = 900 MPa and n = 0.3) when
E = 210 GPa is ﬁxed.
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would have their (ry,n) values lying on the straight line. This analysis is applied to P–h curve for half included
angle of 60 and the result is also shown in Fig. 6. Another straight line for half included angle of 60 can be
identiﬁed. It is found that the optimisation result (ry = 902 MPa and n = 0.298) of the two P–h curves opti-
misation is close to the cross point of the straight lines for the two half included angles of 60 and 70.3. This is
why the two P–h curves optimisation scheme helps to remove the non-uniqueness problem encountered in sin-
gle P–h curve optimisation. Farrissey and McHugh (2005) also demonstrated that it is not possible to use a
single loading and unloading curve to determine the parameters of a power-law material. Thus they carried
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Fig. 6. The relationship between ry and n for the matched mechanical properties of steel optimised by single P–h curves from half included
angles of 60 and 70.3, together with the result from two P–h curves optimisation.
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yield strength and strain hardening values calculated from P–h curves and plastic zone size, respectively, is
considered to be the true material property values. Although the methods were diﬀerent, they used the same
concept as that used in this research.
Bucaille et al. (2003) extended the work of a dimensional analysis approach (Dao et al., 2001) to determine
plastic mechanical properties of a material using at least two P–h curves of the material obtained for diﬀerent
indenter half included angles, see Section 1.2. They found that the decrease of the second half included angle
(The ﬁrst half included angle is 70.3 which corresponds to Berkovich and Vickers indenters) will increase the
prediction accuracy of mechanical properties. It can be seen in Fig. 6 that the crossing angle between the two
straight lines for the half included angles of 60 and 70.3 is small. It is postulated that this crossing angle will
increase if the second half included angle is decreased (below 60), and the increased crossing angle would help
to further remove the non-uniqueness problem and increase the prediction accuracy of mechanical properties.
However, as pointed out by Bucaille et al. (2003), the decrease of half included angle will increase the eﬀect of
friction between indenter and testpiece materials. The current choice of the second half included angle of 60 is
recommended because it eﬀectively removes the non-uniqueness problem and at the same time the friction
problem is insigniﬁcant according to Bucaille’s work.
For the ﬁve chosen representative materials shown in Table 3, the maximum relative prediction errors for
E, ry and n are 2%, 10.4%, and 11.3%, respectively. The accuracy of Young’s modulus prediction is much bet-
ter than the widely accepted Oliver and Pharr’s method (e.g. for steel in Table 2, the prediction errors are 2%
and 13% for the current approach and Oliver and Pharr’s method, respectively). The maximum prediction
errors of 10.4% and 11.3% for ry and n, respectively are also better than other methods in the literature
(Dao et al., 2001). The prediction accuracy of mechanical properties using the proposed optimisation scheme
is obviously dependent on the accuracy of Eqs. (18), (19) and (22) to relate the loading curve, unloading curve,
and hr/hm to mechanical properties, respectively, since they are basic functions put into the objective function
Eq. (23). It has been reported by Luo et al. (2006) that Eq. (22) is not very good at relating Wul to mechanical
properties and that the diﬃculty in relating the unloading P–h curve to mechanical properties is the main fac-
tor that aﬀects the prediction accuracy of the proposed optimisation scheme. Therefore, for better optimisa-
tion results, it is critical to ﬁnd a better function to relate the entire unloading curve to mechanical properties.
This is a challenging task because the unloading process of the indenter-material contact is complicated. In
particular, the change of contact area during unloading has to be described accurately. Work in this direction
is under investigation.
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function for single P–h curve optimisation, the best matched material was found to correspond to the global
minimum of the objective function for two P–h curves optimisation. However, Bates and Watts’ optimisation
method (Bates and Watts, 1988) used in the current work has advantages of the fast convergence rate and easy
to implement. However this is a classical optimisation method and is not very good at ﬁnding the global min-
imum for severe non-linear optimisation problems (Li et al., 2002). Instead, many sets of initial values of the
parameters to be optimised have to be selected to ensure the ﬁnding of the global minimum. The evolutionary
optimisation has a reputation of being good at ﬁnding global minima, thus optimisation eﬃciency and accu-
racy may be improved if an evolutionary optimisation technique (Lin and Yang, 1999) is used. This is also
under investigation.5. Conclusions
1. The optimisation approach reported earlier (Luo et al., 2006) was extended to extract mechanical properties
of a power-law material from two given experimental (or FE simulation) indentation P–h curves for conical
indenters of half included angles of 60 and 70.3. It was found that the non-uniqueness problem encoun-
tered in the single P–h curve optimisation approach is eﬀectively removed.
2. For the ﬁve representative materials Al, Ti, Fe, Ni, and steel, it was found that the maximum relative pre-
diction errors for E, ry and n are 2%, 10.4%, and 11.3%, respectively. The prediction accuracy of mechan-
ical properties E, ry and n, is generally better than other methods reported in the literature.Acknowledgement
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Functions to relate E, ry and n to Pe, Pepp_L, WL, Wul, hr/hm are given below.
For h = 70.3P eðE; hÞ ¼ CeðEÞh2 ¼ C0Eh2 ¼ 1:9464Eh2 ðA:1Þ
P epp LðE; ry ; hÞ ¼ Cepp LðE; ryÞh2
¼ ry 0:27531 ln E

ry
 
 3
 0:21504 ln E

ry
 
 2
þ 43:21185 ln E

ry
 
 98:90853
( )
h2
ðA:2Þ
W L n;
E
ry
 
¼ 9:6132 104 þ 1:627 101n 8:6988 102n2  ln E
ry
 
þ 1:0053 1:203n
þ 1:0584 101n2 ðA:3Þ
W ul n;
E
ry
 
¼ 7:5834 108  4:5276 107nþ 7:6258 107n2  ln E
ry
 
 2
þ ð8:1967 105 þ 5:187 104n 6:4586 104n2Þ ln E

ry
 
þ ð8:7875 101 þ 8:6099 102n 5:134 101n2Þ ðA:4Þ
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hm
¼ u n;E

ry
 
¼ 3:971 103  3:0783 103n 2:704 103n2  ln E
ry
 
 3
þ ð8:6249 102 þ 4:298 102n
þ 7:8106 102n2Þ ln E

ry
 
 2
þ ð0:6419 0:11975n 0:63727n2Þ ln E

ry
 
þ ð0:64405 0:22042nþ 1:27651n2Þ ðA:5ÞFor h = 60P eðE; hÞ ¼ CeðEÞh2 ¼ C0Eh2 ¼ 1:2140Eh2 ðA:6Þ
P epp LðE; ry ; hÞ ¼ Cepp LðE; ryÞh2
¼ ry 0:41194 ln E

ry
 
 3
 8:15368 ln E

ry
 
 2
þ 55:19056 ln E

ry
 
 92:33153
( )
h2
ðA:7Þ
W L n;
E
ry
 
¼ 2:9281 104 þ 1:5872 101n 7:5506 102n2  ln E
ry
 
þ 1:0008
 1:1569nþ 6:3072 102n2 ðA:8Þ
W ul n;
E
ry
 
¼ 3:9313 107nþ 1:6773 107n2  ln E
ry
 
 2
þ ð1:8279 106 þ 5:1467 104n
 2:3277 104n2Þ ln E

ry
 
þ ð8:8089 101 þ 2:6251 102n 7:0483 101n2Þ
ðA:9Þ
hr
hm
¼ u n;E

ry
 
¼ 3:4891 103 þ 1:4554 103n 1:0578 102n2  ln E
ry
 
 3
þ ð7:3194 102
 3:3379 102nþ 0:2001n2Þ ln E

ry
 
 2
þ ð0:5233þ 0:2880n 1:2237n2Þ ln E

ry
 
þ ð0:2822 0:8770nþ 2:1456n2Þ ðA:10ÞReferences
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